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Full marks are not necessarily awarded for a correct answer with no working. Answers must be supported
by working and/or explanations. Where an answer is incorrect, some marks may be given for a correct
method, provided this is shown by written working. You are therefore advised to show all working.
SECTION A
Answer all the questions in the spaces provided. Working may be continued below the lines, if necessary.
1.  [Maximum mark: 6]

Consider the complex numbers z=1+2i and w=2+ai, where ae R .

Find a when

(a) |w|=2|z

; [3 marks]

(b) Re(zw)=2Im(zw). [3 marks]
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2.  [Maximum mark: 5]
The diagram below shows a curve with equation y =1+ ksinx, defined for 0 < x <3m.

Y B

The point A(g, —2) lies on the curve and B(a, b) is the maximum point.

(a) Show that k=-6. [2 marks]

(b) Hence, find the values of @ and b. [3 marks]

I
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3.  [Maximum mark: 5]

Let g(x)=log, | 2log, x | Find the product of the zeros of g.
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4.  [Maximum mark: 6]

X —X

(& (&

Consider the matrix 4=
2+¢*

], where xe R.

Find the value of x for which A is singular.

(A i
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5.  [Maximum mark: 5]

(a) Show that arctan (% ) + arctan (% ): g . [2 marks]
(b) Hence, or otherwise, find the value of arctan (2) + arctan (3) . [3 marks]
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6. [Maximum mark: 5]

The diagram below shows two straight lines intersecting at O and two circles, each
with centre O. The outer circle has radius R and the inner circle has radius 7.

4

Consider the shaded regions with areas 4 and B. Given that 4: B=2:1, find the
exact value of the ratio R: 7.

diagram not to
scale

I
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7.  [Maximum mark: 7]

1 1

Consider the functions f and g defined by f(x)=2* and g(x)=4-2%, x#0.

(a) Find the coordinates of P, the point of intersection of the graphs of f and g. [3 marks]

(b) Find the equation of the tangent to the graph of f at the point P. [4 marks]
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8.  [Maximum mark: 6]
A triangle has vertices A(1, —1,1), B(1, 1, 0) and C(-1, 1, —-1).

Show that the area of the triangle is J6.

I
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9.  [Maximum mark: 7]

(a) Let a>0. Draw the graphof y=|x —% for —a < x < a on the grid below. [2 marks]

(b) Find k such that J_O x—% dx=k'[0a x——|dx. [5 marks]

1013



—11- MO09/5/MATHL/HP1/ENG/TZ1/XX
10. [Maximum mark: 8]

The diagram below shows a solid with volume V, obtained from a cube with edge

1
a >1 when a smaller cube with edge 2 is removed.

diagram not to

scale
Let x=a- l .
a
(a) Find V in terms of x. [4 marks]
. . . 1+/5
(b)  Hence or otherwise, show that the only value of a for which V' =4x is a = — [4 marks]

It
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SECTION B
Answer all the questions on the answer sheets provided. Please start each question on a new page.
11.  [Maximum mark: 20]

Let f be a function defined by f(x)=x—arctanx, xe R.

(@) Find f(1) and f (—\/5 ) [2 marks]
(b) Show that f(—x)=—f(x), for xe R. [2 marks]
(c) Show that x —g < fx)<x+ g for xe R. [2 marks]
(d) Find expressions for f’(x) and f”(x). Hence describe the behaviour of the

graph of f at the origin and justify your answer. [8 marks]
(e) Sketch a graph of f, showing clearly the asymptotes. [3 marks]
(f)  Justify that the inverse of f is defined for all xe R and sketch its graph. [3 marks]

12. [Maximum mark: 17]

(a) Consider the set of numbers a, 2a, 3a, ..., na, where a and n are positive
integers.

(i)  Show that the expression for the mean of this set is M.

(i1)) Let a=4. Find the minimum value of n for which the sum of these
numbers exceeds its mean by more than 100. [6 marks]

(b) Consider now the set of numbers x,,..,x,,»,..,», where x,=0 for
i=1l,..,mand y,=1fori=1,..,n.

(1)  Show that the mean M of this set is given by and the standard

\/— m+n
mn

deviation S by .
m+n

(1)) Given that M =S, find the value of the median. [11 marks]
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13. [Total Mark: 23]
Part A [Maximum mark: 9]
If z is a non-zero complex number, we define L(z) by the equation
L(z)=In|z|+iarg(z), 0<arg(z)<2m.
(a) Show that when z is a positive real number, L(z)=Inz. [2 marks]

(b) Use the equation to calculate

® LD
(i) Ld-i);
(i) L(-1+1). [5 marks]

(c) Hence show that the property L(z,z,)=L(z,)+L(z,) does not hold for all
values of z, and z,. [2 marks]

Part B [Maximum mark: 14]

Let f be a function with domain R that satisfies the conditions,

f(x+y)=f(x)f(y),forall x and y and f(0)=0.

(a) Show that f(0)=1. [3 marks]
(b) Provethat f(x)#0, forall xe R. [3 marks]

(c) Assumingthat f’(x) exists forall xe R, use the definition of derivative to show
that f(x) satisfies the differential equation f’(x)=k f(x), where k= £7(0). [4 marks]

(d)  Solve the differential equation to find an expression for f(x). [4 marks]
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